§ 1. Introduction
Let A be a closed linear operator on a Banach space X. This paper is concerned with the solvability and approximate solutions of the equation Ax=y for a given y^X, especially when X is a Lebesgue space L p , l^p<°°. The domain, null space, and range will be denoted by D(A\ N(A), and R(A), respectively.
Let {A a } and {B a } be two nets, indexed by a directed set JL of bounded linear operators on X with the following properties : (
d) B*x*=$(a)x* for all x*e=R(A)*-(=N(A*) in case D(A)=X) with
We call {A a } a system of almost invariant integrals for A+I and {£«} the system of companion integrals. The terminologies go back to those of Eberlein [4] and Dotson [2] for the case A-T-I with T bounded. The following two theorems concerning the convergence of {A a x} and {B a y} have been established in [8] :
(i) {^4 a x} converges if and only if it contains a weakly convergent subnet, if and only if x^N(A)@R(A), and the mapping P: x-*s-\im a A a x is a bounded projection with R(P}=N(A), N(P)=7t(A) and D(P)=N(A)®R(A),
(
ii) {B a y} converges if and only if it contains a weakly convergent subnet, if and only if y^A(D(A}C\R(A)). The limit x=s-lim a B a y is the unique solution of the equation Ax-y in R(A).
In a reflexive space, the weak sequential precompactness of bounded sets Communicated by S. Matsuura, January 5, 1990 . Department of Mathematics, National Central University, Chung-Li, Taiwan, R.O.C.
implies that D(P)=X and R(A)=A(D(A}C\R(A}}.
The following theorem [8 This theorem holds in particular for any Lebesgue space L P (S, I, /j) with !<£<oo. In general, while the implications "(3)4=*(4)=X1)=K2)" always hold (due to (ii), (a), and (b)), the other two implications "(2) =4(1)" and «(1)=K4)" may not hold in a nonreflexive space (cf. [9] and [8, Remark 1.7] ). However, with some additional assumption, we shall prove in section 2 the following positive result for L^S, I, //). These general theorems can be used to study the solvability and various approximate solutions of the linear functional equation Ag=f in L P (S, I, JJL), l<j^<oo. For illustration we shall display in sections 3 and 4 applications to ;z-times integrated semigroups and cosine operator functions, respectively. Applications to other methods of solving (I-T)x=y such as those considered in [8] are also possible. In particular, theorems of Lin and Sine [7] , and of Krengel and Lin [6, Theorem 3.1] can be deduced from this result. In section 3, the almost everywhere pointwise convergence of the approximate solutions of Ag=f will also be observed for the case that A is the generator of a Cosemigroup of contractions on L^S, Z, ft) that also fulfills the condition that for all f^L^L^ and § 2. Proof of Theorem 2
Suppose (1) Li(S, S, fji) can be identified, via the Radon-Nikodym theorem, with M(S, S, (JL), the subspace of ba(S, 2, p) which consists of all countably additive measuresC^. Decomposing q-qi+qz with q 1^M (S } 2 , (JL) and q z a pure charge (cf. [12] ), and using the contraction assumption and the fact that the norm of an element of ba(S, I, (JL) is the sum of the norms of its two parts, we obtain the estimate : which shows that q l -B a y + A a q l^D (A) and Aq l AA aqi for all a^JL. Taking limits yields that y=Aq 1^R (A). Thus we have proved the equivalence of (1) and (2) .
Since, as mentioned in the introduction, the conditions (3) and (4) are equivalent to that y belongs to A
(D(A)nR(Ay)=A(D(A)niD(P)),
which is equal to R(A) when D(P)=X, the second part of Theorem 2 follows from the next lemma. (5, £, p) 
Lemma 3. Let

p). § 3. Generators of n-times Integrated Semigroups
A strongly continuous family {T(t) ', t^Q} of bounded operators on X is called a n-times integrated semigroup if T(0)=7 and T(t)T(s)=T(t+s)(t, sî n case n-0, and if T(0)=0 and T(OT(s) = . t+s-ryl T(r}dr-(t+s-rYl T(r}dr (t, s\ n -i in case n^l. A 0-times integrated semigroup is just the classical C°-semigroup. T(-) is said to be non-degenerate if T(t)x=Q for all £>0 implies z-0, and exponentially bounded if \\T(f)\\^Me wt
for some M^l, w>Q and for all f^O. For a non-degenerate and exponentially bounded T(-) there exists a uniquely determined closed operator A, called the generator of T(-), such that (it;, oo)c p(A) and (/I-A)" 1 *^ A n e~x t T(t)xdt for all ze^" and ^>i#. For the definitions and basic properties we refer to Arendt [1] , and Tanaka and Miyadera [11] . 
S t rt T(s)xds^D(A) and ^4\ T(s)xds = P ° Jo
T(t)x-(t n /nl)x for all x^X' f \ T(t)Axds=T(t)x-(t n /nl)x for all x^D(A). rt rtcs
Remark. If T(-) satisfies the growth condition \\T(t)\\^Mt
n /(n+V)\, f^O, then the hypothesis of Theorem 4 is satisfied and (S8) can be added as another equivalent condition. In fact, it is easy to see that (S1)=HS8)=HS5) m this case.
The following corollary for contraction Co-semigroups on Li(S, 2, p) is a specialization of Theorem 4; the first part of it is due to Krengel and Lin [6] (see also [9] ). 
Corollary 5. Let A be the generator of a C Q -semigroup T(-) of contractions on
